A GROUP RING METHOD FOR FINITELY
GENERATED GROUPS(})

BY
KUO-TSAI CHEN

It is an essential principle employed in this paper that properties of a
group which has only a multiplication can be studied in a ring which has both
additive and multiplicative operations. We also achieve, to a certain extent,
a unified theory to explain some facts concerning finitely generated groups
which are contained in the works of J. W. Alexander, W. Magnus, K. Reide-
meister, and R. H. Fox.

A group may be defined by generators and relations; i.e., it may be taken
as a factor group F/R, where R is a normal subgroup of a free group F.
H. Hopf [5] has shown that [F, F]/[F, R] is invariantly defined for F/R;
to be explicit, F/R=F'/R’ implies [F, F]/[F, R]=[F’, F']/[F’, R’]. After
some preliminaries about group rings in §1, we proceed to establish a theory
of presentations of groups and to generalize the above mentioned factor group
in §3. A family of invariantly defined quotient rings are obtained from the
group ring of JF of F over J. In §5, we extract invariants from these quotient
rings by mapping each of them homomorphically into another ring of a suit-
able structure. The homomorphisms we use for this purpose are those in-
duced by a homomorphism of JF into a noncommutative formal power series
ring due to Magnus.

A family of groups under our consideration for equivalence by iso-
morphism often have some common properties. For example, in the family of
knot groups, each group made abelian is infinite cyclic. Therefore stronger
invariants may be expected. Having this in mind, we develop the B-presenta-
tion theory in §6. In order to derive invariants from the invariantly defined
quotient rings just mentioned, Fox free differentiation becomes our main
tool. Invariants resembling Alexander polynomials are produced; the com-
putation for these invariants bears close relation with the Jacobian matrix
theory in [4]. '

§4 is mainly concerned with properties of noncommutative formal power
series rings.

The following notations will be universal in this paper:

For elements u, #s, +-- of a group, [wi, us|=wmui'u;?, and
[, - -+, upsr]=[[w1, - -+, up], 4ps1], =2. Let A and B be subgroups of
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a group. Then [A4, B] denotes the group generated by all [a, 5], aEA4, bEB.

For any group G, Gi=G, - - - , Gpt1=[G,, G], -
For elements U,, Us, ---of a ring, [Ul, Uz]— U,U,— U, U, and
[Uy - Upna=[[Uy, - - -, Upl, Upnal, p22.

Free groups considered in this paper will be finitely generated.

The author is indebted to R. Baer and J. L. Koszul for valuable sugges-
tions.

1. Group rings. Let G be a multiplicative group, and J a ring with unit
element 1. The group ring JG of G over J consists of the totality of finite
formal sums D Aa;, u;EG, \;&J. The addition in JG is formal, and the
multiplication is given by ( X_Naw)( Douv;) = Xi; (\iw;)(ww;). Identify 1-u
and %, #uEG. Then G is contained in JG, and the identity e of G is the unit
element of JG. Furthermore, identify Ae and \, N\&€ J; in particular, 1-e=e=1.
Then JCJG, and JG is an algebra over J.

Let p: G—G’ be any homomorphism of the group G into another group G’.
Then p can be extended by linearity to a ring homomorphism p: JG—JG’
with p(A\) =\, A€ J. The extended homomorphism is also denoted by p, when
there is no possible confusion.

The group ring of the trivial group {e} consisting of the identity element
only is the ring J. The ring homomorphism o: JG—J extended from the
trivial homomorphism G— {e} is called the coefficient homomorphism of JG.
For any Y A\a;EJG, o( >_N\au;) = 2 _\i. The kernel of o is called the funda-
mental ideal of JG and is generated by all x—1, #&G. If G has a set of
generators {x;},/E€ P, then o can be regarded also as the ideal generated by
all x;,—1, 1EP.

Let M be a subgroup of G, and N a normal subgroup of M. Denote by
(VN —1)y the ideal of the ring JM CJG generated by all u—1, u&N.

LEMMA 1. Let M and M’ be subgroups of G and G’ respectively, and N and
N’ normal subgroups of M and M’ respectively, while o1 and oy are homo-
morphisms of G into G’ with o;(M)CM’, ¢ (N)CN', =1, 2. If 1 and o in-
duce the same homomorphism M/N—M'/N’, then the extended homomorphisms
gi: JG—IJG', i=1, 2, induce the same homomorphism JM/(N—1)u
—JIM'/(N'—1) . This implies o1(u) =02(u) mod (N'—1)x for any ucJ M.

Proof. First it is clear that ¢ (JM)CJM’' and o:((N—1)x)
CWN'—1)y, 2=1, 2. Let u= Z)\.u,- be any element of JM. For each 7,
o1(u;) =05(u;) mod N’. There exists h;E N’ with o1(u;) = 02(u:) hi = o9 (us) (hi—1)
+02(u;) =09(u;) mod (N’'—1)x. Hence o1(%) =02(x) mod (N’ —1)x, and the
lemma is proved.

2. A lemma.

LEMMA 2. Let R, R{, Ro, RS be rings, and ¢, ¢’, 04, 745, 1 =1, 2, ring homo-
morphisms as given in the following diagram
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a; ’

RN — RN
1L Ll

g ,

9?2 — R,

where ¢ is onto, and ¢'a;i=a6.¢, i=1, 2. Let Ny, N{, No, NI be 1deals in Ry, R,
Ro, Ni, respectively, such that (M) CRe, &' (N )CTNS, a:(M)CRY, a:(N2)
CNRS, i=1, 2. If 01 and o, induce the same homomorphism R1/I—R{ /N{,
then &1 and &, will induce the same homomorphism Ra/Na—>RS /N4 .

Proof. By the hypothesis of the lemma, o1(%)=02(x) mod N/, uSR;.
Every element of R; has the form ¢(»), uER1. Then 519 (%) =¢'o1(u) =¢'o2 ()
mod Ny =a.0(x) mod N/ . Hence the lemma is proved.

CoOROLLARY. The lemma also holds if the words “ring” and “ideal” are
replaced by “group” and “normal subgroup” respectively.

3. Presentations. A group presented by generators and relations may be
regarded as a factor group F/R of a free group F. We shall consider necessary
conditions, in terms of invariants, that two such groups F/R and F’/R’ are
isomorphic. The following lemma is well known and is basic to our theory.

LemMMA 3. Given a homomorphism p: F/R—F'/R’, there exists a homo-
morphism o: F—F', o(R)YCR’, suck that o induces p; i.e., p(uR)=0(u)R’,
uecF.

Proof. Let x,, - - -, x,, be the free generators of F. Choose an element %/
from each coset p(x;R). Define ¢: F—F’ by o(x;)=u!,i=1, - - -, m. Since
F is free, this construction is possible. Then, for any v=x3 - - - xF¥EF,
o(v) =u;! - - - u;* belongs to the coset p(vR). Hence ¢ has p as its induced
homomorphism.

Let R be a normal subgroup in a free group F. The pair { F/R} is called
a presentation. By a presentation homomorphism

o: {F/R} — {F'/R"}

we mean a homomorphism ¢: F—F with ¢(R)CR’. Two such maps
o: {F/R}—{F/R} and 7: {F/R}—{F//R’} are said to be equivalent if ¢
and 7 induce the same homomorphism F/R—F'/R’; i.e., o(u)=7(u) mod R/,
ucF.

A map ¢ is said to be a presentation isomorphism: ¢: { F/R}={F'/R'},
if ¢ induces an isomorphism-onto F/R=F'/R’.

An algebraic invariant V is defined as follows:

(1) V=V(F, R) is a function of {F/R}, and each V(F, R) is a ring
(or group).

(2) Each presentation homomorphism ¢: {F/R}—){ F'/R'} defines
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uniquely a ring (or group) homomorphism ¢*: V(F, R)—V(F', R’), called
the associated homomorphism of .

(3) If o and 7 are equivalent, then ¢*=7%,

(4) For o1: {F/R}—{F'/R'} and op: {F//R'}—{F"/R"}, we have
(0'20'1)*=0'2*0'1*-

(5) If o: {F/R}={F/R} is the identity isomorphism, i.e., o(x)=ux,
uEF, then o*: V(F, R)=V(F, R) is the identity ring (or group) isomorphism.

THEOREM 1. Let V be an algebraic invariant. Then F/R=F'/R’ implies
V(F, R)y=V(F, R).

Proof. Let o: {F/R}={F//R'} be a presentation isomorphism, and
p: F/R=~F'/R’, the homomorphism induced by ¢. There is a presentation
isomorphism 7: { F’/R’}={F/R} such that 7 induces p~1. Then 7o: { F/R}
>~ { F/R} induces the identity isomorphism F/R=F/R. Similarly o7 induces
the identity isomorphism F//R'=F’/R’. For the associated homomorphisms,
we have (ro)*=71**=1 and (o7)*=0**=1. Hence ¢*: V(F, R)=V(F', R')
is an isomorphism-onto.

A factor-group invariant M/N is an algebraic invariant defined as
follows:

(1) Each M(F, R) is a subgroup of F, and each N(F, R) is a normal sub-
group of M(F, R).

(2) For any o: { F/R}—{F/R'}, we have o(M(F, R))CM(F', R’) and
o(N(F, R))CN(F', R'). The induced homomorphism ¢*: M(F, R)/N(F, R)
—M(F', R")/N(F’, R') is the associated homomorphism of ¢ with respect to
the invariant M/N.

The following are a few examples of factor group invariants: (1) F/R;
(2) [F, F]/[F, R]; (3) RN\[F, F]/[F, R]; (4) F/F, R; (5) Fo/F;NR. (1) is
obviously a factor group invariant. It follows easily from a result in [5] that
(2) and (3) are factor group invariants. Let G=F/R. Then G/G,~=F/F,-R
and G,=~F,/F,NR. It will not be hard to verify that (4) and (5) are also
factor group invariants.

A quotient ring invariant /N is an algebraic invariant defined as
follows:

(1) Each M(F, R) is a subring of JF, and each N(F, R) is an ideal of
IMM(F, R).

(2) Let o: JF—JF' be extended from ¢: {F/R}—{F/R’}. Then
ag(M(F, R))CM(F', R') and e(N(F, R))CN(F’', R’), and the induced homo-
morphism of: M(F, R)/N(F, R)->IM(F’', R')/N(F’, R’) is the associated
homomorphism of ¢ with respect to the invariant I¢/N.

An invariant ideal I of a free group ring JF is defined as follows:

(1) I=1I(JF) is an ideal of JF and is a function of JF.

(2) For any o: JF—JF' extended from ¢: F—F', we have o(I(JF))
CI(JF).
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Let I, and I, be invariant ideals, and IM/MN a quotient ring invariant.
Then (9}2(\[1+I2)/(92f\11+12) is called the (Il, Iz)-ﬁltration of fm/%.

LeEMMA 4. The (I, I,)-filtration of M/N is also a quotient ring invariant.

Proof. Let o: { F/R}—{F’/R’} be any presentation homomorphism, and
let 7 be equivalent to . Each element of M (F, R)YNI,(JF)+ I.(JF) is of the
form u+v, u&M(F, R)YNI(JF), v&EI(JF). Since M/N is a quotient ring
invariant, o(#)—7(#)=0 mod N(F’, R’). On the other hand o(u)—7(u)
=0 mod I,(JF’). Thus o(#) —7(#)=0 mod N(F', R")YNIL;(JF’') and o(u+v)
=r(u+v) mod N(F', R')YNL(JF')+1,(JF'). It is easy to verify that the
other conditions in the definition of a quotient ring invariant are also satisfied
by (RN + 1)/ (NN, +1;). Hence the lemma is proved.

The following is a direct consequence of Lemma 1:

THEOREM 2. Let M/ N be a factor group invariant. Then ITM/(N—1)y is a
quotient ring invariant.

A part of the conceptions in this section may be found in the works of
Baer [2]. The definition of an algebraic invariant is extremely close to that
of a functor due to Eilenberg and MacLane [3]. Since a presentation iso-
morphism does not necessarily possess an inverse, the equivalence (by iso-
morphism) of presentations does not agree with the equivalence in the sense
as given in [3]. We are thus unable to avoid using the notion of algebraic
invariants in spite of some repetition.

4. Formal power series. Let J be a ring with unit element 1, and let
X1, - - -, Xm be noncommutative indeterminates. Denote by &, the totality
of forms Zléil‘...,,’pém BiyeiyX iy + 0 Xy Mip-.i,&€J. Fp is a vector space over
J, and, in particular, Fo=J. For a,= D mi...;, Xi; * X, EFp and b,
Zyip+1“"'p+qup+1 X, €T, define

ap-by = Z BiyeevigVippyevipraXis * * ° Xipper
Thus the direct sum (in the strong sense)
A=AXy -, X3 ) =Fo+FG+ - +Tp+ -

forms a ring with unit element 1. Each element of A is of the form Y., a,,
a,EF 5, and the multiplication is defined as follows:

© P
Z ap* Z by, = E E aibp—i, ap by € Ty

p=0 i=0

tp

A is called the (noncommutative formal) power series ring with indetermi-
nates X, -+ -+, Xm over J.

The set O=F +F.:+ - - - forms an ideal in A and is called the funda-
mental ideal of A. It is easy to verify that O?=§,+Fps1+ - - - . Define
O0=A.
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If a= Y a, with a=1 mod D, i.e. ap=1, then a~! exists. In fact, let
b= > b, be such that

(1) bo= 1, b1= —a,

(2) bp= —(alb,,_1+a2b,,_2+ L -I-a,,bo), Pg 2.

Then a-b=1.

Let A’ be another power series ring with indeterminates Yy, -+ -, ¥,
over J, and ' the fundamental ideal of A’. A substitution ¢: A—A’ is a ring
homomorphism defined as follows:

(@) o(u)=p, neJ.

(b) 6(X:)=0mod L', 7=1, - - -, m.

(c) Let a= D> >4 @y, a,EF,. Then each 5(a,) =aP+aP,+ - - - is well
defined through #(X;). Define ¢(a)= D> >, (32, a®). It is not hard to
verify that ¢ is a ring homomorphism, and ¢(0?) CO'>.

If 6: A—A’ and 7: A’—A’’ are substitutions, so is 7o: A—A".

There is one and only one substitution ¢: A—A’ with preassigned ¢(X;)
ey, i=1,---,m.

An invariant ideal § of a power series ring A over J is defined as follows:

(1) F=3(A) is an ideal of A and is a function of A.

(2) For any substitution ¢: A—A’, we have ¢(J(A)) CI(A').

5. Application of Magnus homomorphism in the presentation theory. To
every free group F with free generators x,, - - -, ¥, We associate a power
series ring A=A(X,, - - -, Xm; J). Define a homomorphism ¢: JF—A such
that¢(x;) =14+X;,7=1, - - -, m,andp(A\) =\, NEJ. The homomorphism ¢ is
called the Magnus homomorphism of JF. It is clear that ¢(x;')=1—X;
+X%?— . ... The Magnus homomorphism ¢ is linear if we regard JF and A
as algebras over J.

Let %, v&€F such that ¢(u)=1+U mod 07+, ¢(v)=1+V mod O
Then ¢([u, v])=14+[U, V] mod Ortetl, It follows easily from this con-
gruence identity that

¢([x.‘1, ey, xip]) =1 + [Xip sy, Xip] mod D’H'l.

The homomorphism ¢ is due to Magnus [7]. His original definition is con-
fined to the case when J is the ring of all integers. However, the generaliza-
tion to any ring J with unit element is a trivial matter. It is known that ¢
maps the free group F univalently into A. Witt has proved [9] that, for any
uEF, ¢(u)=1 mod Or if and only if » belongs to the pth lower central
commutator subgroup F, of F.

Let F’ be another free group with free generators i, - - -, ¥., and
¢': JF'—AN =A(Y;, - - -, Y,; J) the Magnus homomorphism.

For any homomorphism ¢: JF—JF’' extended from o: F—F’, define a
substitution &: A—A’ such that ¢(X,;)=¢'d(x;)—1, 2=1, .. -, m. Such a

substitution & exists and is unique. ¢ is said to be induced by ¢. It is clear that
dp=¢’a. The following theorem is an immediate consequence of Lemma 2.
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THEOREM 3. Let M/N be a quotient ring invariant. Then ¢(IM)/d(N) is an
algebraic invariant, and, for each presentation homomorphism o: {F/R
—{F//R'}, the associated homomorphism with respect to the invariant
o (M) /o (N) 1s induced by the substitution ¢: A—A’.

COROLLARY 1. If M/N is a factor group invariant, then ¢(JM)/d((N—1) )
s an algebraic invariant.

COROLLARY 2. If &, and 3, are invariant ideals, then the ($h, So)-filtration
of d(M)/d(N) is also an algebraic invariant.

The proof of this corollary is essentially the same of that as Lemma 4.

ExaMPLE 1. Let G=F/R be a finitely generated group. Any auto-
morphism of G may be given through a presentation isomorphism o: { F/R}
=~{F/R}. ¢(JF)/p((R—1)r) is an algebraic invariant, and so is its
(07, OrtY)-filtration ¢(JF)NO?+ O+ /¢ ((R—1)r)NOP+OPH1. Since ¢(JF)
contains the vector space {, of all forms of degree p for any =0, we have
S(JF)NO?P+Or+1=07, The homomorphism ¢ induces a substitution
&: A—A with 6(X;)= D>_\;X; mod O According to the proof of Theorem 1,
& induces an automorphism of 0?/¢((R—1)r)NO?+O?+!, which implies
that & maps ¢((R—1)r)NO?+4O?*! into itself. On the other hand, ¢(O?+1)
C Or*!, Consequently ¢ induces an endomorphism & of O7/0?+!, which maps
O((R—1)p)NO?P4-Or+1/Or+ into itself. For any a,= Z#ix---i,,Xi: <Xy,
F(a,+O7) =5(a,) +O7 = iy, (2 NiiX)) - - -( 2N5X;) + O+ The
additive group of O7/O?*! may be identified with §, by the correspondence
1,+O7eoa,, and ¢((R—1)r)NO?+O7+1/O?+! may be regarded as a sub-
space R, of the vector space §,. Thus we have

F(ap) = 20 miy i) (20 Ny Xs) - - (20 NiyiX ),

and & acts as a multilinear mapping of §, into itself. Moreover
a(R,)CR,, and ¢ induces an automorphism of §F,/R,. This is a general-
ization of a result due to Magnus, who considered the case with the fol-
lowing conditions: (a) G/[G, G] is free abelian of rank m; (b) F has exactly
m generators; (c) p is the largest integer such that RC Fp; (d) J is the ring of
all integers.

ExaMPLE 2. Let G be a group defined by two generators x;, x; and a rela-
tion 7= [x1, %z, %1, ¥:]=1, and let G’ be a group defined by two generators
91, ¥ and a relation 7’ = [y;, s, 1, 2] =1. We shall show that G and G’ are
not isomorphic.

Suppose G=ZG’. Let F be the free group with free generators x;, x», and R
the normal subgroup generated by r. Let F’ be the free group with free
generators ¥;, ¥, and R’ the normal subgroup generated by 7’. There is a
presentation isomorphism o': { F/R y~{F/R }.Let¢: JF—A and ¢’: JTF'—A’
be Magnus homomorphisms.
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For any {F/R} with RC|[F, F], the factor group invariant
[F,F]N\ R/[F, R]
becomes R/[F, R]. In the cases of G and G’, we have RC Fy, R*C F{. Thus

(©* N $(JR) +09/(O* N ¢(([R, F] — 1)) + 0¥
(DN ¢'(JR) + 09/ N ¢'(([R, F'] — D)r:) +079),

and this isomorphism is induced by a substitution ¢: A—A’. We take as J

the ring of all integers.
Since [F, R]C Fs, we have ¢(([F, R]—1)&) C£¥, and, similarly,

¢'(([F', R'] — D)g) CO".
It follows that
O*MN ¢(JR) + O/ =DM ¢'(JR') + O3/,

Now ¢(ara=) =¢(r) =1+ [X,, X2, X1, X1] mod £F, a EF, and, for any uER,
o(u)=1+u[X1, X2, X1, X1] mod OF, u&J. Consequently O \¢(JR)+05/0b
consists of all u[X;, Xy, X1, X1 ]4+LF, pEJ. Similarly O*N¢’(JR')+08/0'
consists of all V[Y]_, Yz, Yl, Yz]‘l‘Dls, VEJ Thus 6’( [Xl, Xg, Xl, Xl])
=+ [Yl, Yg, Yl, Yg] mod :D,s. Let &(X,) E)\.-l Y1+)\1~2 Yz mod Q’2, 1= 1, 2. We
have 5’( [Xl, Xz, Xl, Xl]) = Z)‘lil)‘%z)‘lia)‘lh[yiv Y,'z, Y"a’ Yﬂ] mod 0’5 Using
the identities [X,', Xj]+[Xj, X.']=0 and [Xi, X,', Xk]"l'[Xj, Xk, X,]
+[Xk, X,', X,‘]=0 we obtain &([Xl, Xz, Xl, Xl])Esz;l[Yl, Yg, Yl, Yl]
+2A)\11)\12[Y1, Yz, Yl, Y2]+A)\'f2[Y1, Yz, Yg, Yg] mod SIS, where A‘—‘)\ukzz
-—)\12)\21. Thus + [Yl, Yz, Yl, Yz] =A()\¥1[Y1, Yz, Yl, Yl] +2)\11)12[Y1, Yz, Yl, Yz]
L[ Vy, Vi, Vi, V2]). It is easy to verify that

[Yly Y2y Yly I)'l]y [Yly Y21 yly Y?]y [Yly Y2» Y?; Y2]

are linearly independent. According to the above equality, it is necessary that
A#0, \y=0, \2=0. However, Ay =0 and A\;;=0 lead to the contradiction
A =0. Hence our assertion is proved.

6. B-presentations. We shall strengthen the conception of isomorphism
as follows: Let B be a fixed group. Consider pairs (G, ao), where G is a group,
and ao: G—B is a homomorphism. (G, ay) and (G’, a¢ ) are said to be B-iso-
morphic, (G, ao)=B(G’, af), if there is an isomorphism-onto p: G=G’ with
af p=ay. Since (G, ag)==B(G’, ad ) implies G=G’, B-isomorphism is in a sense
stronger than isomorphism. The definition of B-isomorphism includes iso-
morphism as a particular case by taking as B the trivial group {e}.

A B-presentation is a triple { F/R, '}, where R is a normal subgroup of a
free group F, and a: F—B is a homomorphism with a kernel containing R.
By a B-presentation homomorphism ¢: { F/R, a}—>{F’7R', a'}, we mean
a presentation homomorphism o': { F/R}—»{ F'/R’ } with o’ =c. If, in addi-
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tion, o is a presentation isomorphism, then ¢ is called a B-presentation iso-
morphism. A B-presentation homomorphism 7: {F/R, a}—>{F’/R’, a’} is
said to be equivalent to o, if o and 7, taken as presentation homomorphisms,
are equivalent, i.e. ¢ and 7 induce the same homomorphism F/R—F’/R’.

LemMA 5. Let { F/R, o} and {F'/R’, o'} be B-presentations, and ay: F/R
—B, af: F'/R'—B, the homomorphisms induced by o and o, respectively.
Given a homomorphism p: F/R—F'/R', aip=ao we can always construct
o: {F/R, a}—{F /R, &'} such that p is induced by o.

Proof. According to Lemma 3, p is induced by a presentation homo-
morphism ¢: {F/R}——»{F’/R'}. a'o(u)=af [o(u) -R]=af p(uR) =ay(uR)
=a(u), #E F. Hence ¢ is a B-presentation homomorphism.

Two B-presentations {F/R,a} and { F//R’, o'} are isomorphic: {F/R,a}
%{F’/R’, a’}, if and only if there is an isomorphism p: F/R=F'/R’ with
ag p=a.

The theory of B-presentations also includes the theory of presentations as
a special case by taking as B the trivial group {e}.

We shall give a motivation of the conception of B-isomorphism. An
ordered and oriented n-link L=L,\J - - - UL, is the union of » disjoint,
oriented, simple closed curves in euclidean 3-space E. Each L; is called the
sth component. Let L'=L{\U - - - \UL,! be another ordered and oriented
n-link. Then L and L’ are said to be equivalent if there is a homeomorphism
x: E—E such that the ¢th component of L is mapped by x onto the ith
component of L’ with orientation preserved. Let G=m(E—L) and G’
=mi(E—L’) be the groups of the links L and L’ respectively, and let B be a
free abelian group with basis {tl, by * v -, t,.}. x induces an isomorphism
p: G—G'. For each #&G, denote by N\;(#) the linking number of L; with a
closed path representing #. Then a: G—B defined by ag(u) =™ . . . @
is a homomorphism-onto with [G,G] as kernel. Similarly, define a{ : G’'—B.
Thus (G, a0)=28(G’, af ), and the equivalence of two ordered and oriented
links implies a B-isomorphism of their groups.

7. Application of free differentiation of Fox in B-presentation theory.
Let J be a ring with unit element, and F a free group with free generators
%1, * * *, xm. R. H. Fox has defined [4] operations 8/dx; in JF as follows:
Let w=aoxja, - - - xar, ;= + 1, be a word, where ao, - - -, ax are words
not involving x;. Then du/dx;= ZL, €li, Ui=aeXay - - -a;4x V2 Each
operation 4/dx; is then extended to the group ring JF by linearity. Let
0: JF—J be coefficient homomorphism as defined in §1. The identity

d
u=o(u)+z-a—§(xi—1), u € JF,

holds. It is not hard to verify that D v,(x;—1)=0, v;&JF, implies v;=0.
Thus the above identity is unique, i.e., for any & JF,
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= o(u) + 2 wi(x: — 1)

implies %;=0u/0x;. Furthermore

w = olu) + Z[o(—a-”é) + 3 - D |- 1

axi axjax,-

a 92
=o(u) + 2, o(-a—:) (2 — 1) + > ax:x- (5 — D(x = 1).

In general we have

u = o(u)+1i Zo(axfa—li——)(x,-,— Do (w— 1)

k=1 SRRCE7N

1)

07y
+ 2 (& =) (x, - D),
6x.~, e ax,-p
and the expansion is unique. The Magnus homomorphism ¢: JF—A may be
explicitly given by
0ru

@ ¢(u)=o(u)+...+zo( )X.-,---X.-,,+---

ax,-l s axi,

Let O be the fundamental ideal of JF and thus the kernel of o: JF—J.
It follows that O=¢~1(0). Therefore 0O?C¢~1(0?). Due to (1) and (2),
uEp~1(Or) implies
0x; + - - Ox;

w=y,
*p

which belongs to 0?. We have 0?=¢~1(0?). Hence each #&0”? may be
uniquely expressed as u = Zu.-l....-p(x,-l—l) <+ (%4,—1), u;y...;,€JF, and
Or is a left vector space over JF with all (x;,—1) - - - (x;,—1) as basis.

For O we construct a vector space [0?]z which consists of the totality
of forms Zb;l...;pX.-l -+ Xy, biy...;,&€JB, of degree p in noncommutative
indeterminants X,, - - -, X,, over the ring JB.

To a B-presentation {F/R, a}, there is associated a linear mapping
o 0—[07]p with a,(u) = D a(07u/0x:, - + - 9%:,) X, - - - X, uEO?. If
is onto, so is a,. a, is called the pth linear mapping induced by a.

Let { F'/R’, o'} be another B-presentation, where F’ has free generators
Y, + * +, ¥n. Denote O’ the fundamental ideal of JF’ and by a, : 0'?—[0'?]s
the pth linear mapping induced by «’. o: { F/R, a}—{F'/R’, a’} is a B-pres-
entation homomorphism and is extended to ¢: JF—JF’. For the extended
homomorphism a: JF—JB, a’: JF’—JB’, it is again true that a’c=a. The
linear mapping

9Py

(i, — 1) -« (2, — 1)

7,: [07]s— [0'7]8



1954] A GROUP RING METHOD FOR FINITELY GENERATED GROUPS 285

defined by ¢,(X;, - - - Xy) =aje((xi,—1) - - - (x;;—1)) is called the pth
linear mapping induced by ¢. For any #&0?,

P = 7B T )Xo %)
opap(h) = ¢ _ oo X
p%p P aaxﬁ“.axi 1 »

P
oPu
=Za< )7‘?()(“...)(%)

ax.‘l R 6x¢
Pu

= Z do (————-) az;.tr((xil — 1) (2, — 1)).

axi, AR axip
Since o((x;—1) - - - (x;,—1))E0'?,
0Pu
) = i Zoo et - 1)
c')x;l s 6x.~p
= apo(n).
Consequently, & ,0,=ay 0.
The following theorem is a direct consequence of Lemma 2.

THEOREM 4. Let M/N be a quotient ring invariant, and o: {F/R, o}
—{F/R, o } a B-presentation homomorphism. Then there is a homomorphism
. 20" NIM(F, B)  ap(0'? N MEF', R)))

Tt —
" a0 NRNEF, R) (0" N\ N(F', RY))

induced by &,: [0?]5— [0'?] 5 such that &} does not change when o is replaced by
an equivalent B-presentation homomorphism.

COROLLARY 1. If ¢ is a B-presentation isomorphism, then &, is an iso-
morphism-onto.

COROLLARY 2. If o is a B-presentation isomorphism, and o is onto, then

[0715/a,(07 N (R — 1)r) =2 [0'715/a, (0" N (R' — 1)).

Proof. Take M/N=JF/(R—1)r. Then a,(0*?NJF) =a,(0?) = [0?]5.

The JB-module a,(0?NM)/a,(0OPNN) is, so to speak, an algebraic in-
variant for B-presentations. We do not intend to give explicit definitions
of such kind.

We shall consider those B-presentations { F/R, a} such that « is onto,
and B is a cyclic group. Furthermore take as J a field. Then JB is a principal
ideal ring.

Suppose that F has x;, - - -, % as free generators. [0?]5 is then a vector
space with all X;, - - - X, as basis over JB. [07]8/a((R—1)rMOP?) is char-
acterized by its elementary divisors.
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In particular, let p=1 and let R be generated by a finite number of ele-
ments 71, - -+, 7. Then (R—1)pMO=(R—1)r is an ideal generated by all

ri— 1= Z (an/axj)(xj - 1)

ay(ri—1)= > a(dr:/9x;)X;. For any aEJF, it follows from a(r;—1)
= > a(dr:/9x;)(x;—1) that

ai(a(r; — 1)) = a(a) - ar(r; — 1).
On the other hand
er((ri = 1)a) = ea[ 20 (8(ri — 1)/0%;-0(a) + (ri — 1)3a/0%)(x; — 1)]
o(a)- 2 a(dr:/0x)X; = o(a)au(r: — 1).

Thus ay((R—1)r), as a vector space, is generated by all > a(d7;/dx;) X;.
Then column deficiency of the matrix “a(&r,-/&xj)“ is the Betti number of
[0]8/a1((R—1)F), and the elementary divisors of the matrix, which are neither
zero nor units, are the torsion numbers of [0]g/ai((R—1)F). If two B-pres-
entations are isomorphic, then the Betti numbers must be identical and each
corresponding pair of the torsion numbers only differ up to a unit in JB.

In the case that B is infinite cyclic, the product of all torsion numbers is
a polynomial in a generator of B with coefficients in the field J. This poly-
nomial differs from the Alexander polynomial [1; 8] only by the coefficient
domain. The latter has integral coefficients. The computation of the torsion
numbers and the Alexander polynomial by using the Jacobian matrix
|«(d7:/0x;)| is due to R. H. Fox [4].

REMARK. Theorem 4 and its corollaries will remain true if the inde-
terminates Xj, - - -, X, are commutative for each [0?]s. The new [0”]s
will consist of all forms ZbiruipXﬁ -+ - X,, where b;....,&JB and
X+ Xiy=X,, - - - Xj, for any permutation (j1, - - -, jp) of (41, - - -, 7p).

ExaMPLE. Let G be a group defined by two generators xi, x; and two
relations x7=1, x122%; = xs%1%,, and let G’ be a group defined by two generators
y1, ¥2 and two relations yi=1, v, [y7?, ¥5']= [y, ¥2]91. We shall show that G
and G’ are not isomorphic.

Let F be the free group with free generators x;, X2, and R the normal
subgroup generated by x} and 7=xxx;(x2%122)~!. Let F’ be the free group
with free generators y;, y;, and R’ the normal subgroup generated by y;
and 7’ =y, [y7, v 1([y1, ¥:]31)~*. Then G= F/Rand G’ = F'/R".

Let B be a cyclic group of order 4 and consist of elements 1, ¢, £2, £3. Ob-
serve that both G/[G, G] and G’/[G’, G’] are cyclic of order 4, and an iso-
morphism-onto p: G=G’ would induce G/[G, G]=G’/[G’, G']. Define by
af : G'—B the homomorphism-onto such that af (y3R’) =t, and [G’, G’] is
the kernel. Then (G, afp)=5B(G’, o). af{p: G—B has [G, G] as its kernel.
There are only two possible homomorphisms which can be a( p, namely:
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(1) a9: G— B with ao(le) = {,
2) Bo: G— B with Bo(x1R) = #3.
Consequently G=G’ implies either (G, ag)=28(G’, ad) or (G, Bo)=2B(G’, a7 ).
Define homomorphisms «: F—B with kernel R-[F, F ] and a(x) =¢;
8: F—B with kernel R- [F, F] and B(x;) =#3;o’: F’—B with kernel R’- [F’, F’]
and o’ (y1) =¢. Then G=2G’ would imply either
{F/R, a} > {F'/R', &’} or {F/R B} {F/R, o}

We take as J the field of all integers modulo 3. By straightforward com-
putation, we find the torsion numbers of

(1) [O]B/Oll((R — Dr),

(2) [0]5/B:((R — 1)r),

3) [0']8/e1(R" — D)r),
respectively as follows:

(1) 1+t+0248 144
(2) 14t+e4+6 141
A3) 14+t+0248 148

1+41#2 is not divisible by 1+¢ in JB. Hence G and G’ are not isomorphic.
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